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GENERALIZED WEINSTEIN TUBULAR
NEIGHBOURHOOD &
SPACE OF LAGRANGIAN SUBMERSIONS
NICOLAS ROY
This artile is dediated to Kat.
1. Introdution
The standard Weinstein tubular neighbourhood (WTN in the sequel) the-
orem [8℄ states that for any Lagrangian submanifold L0 of a sympleti man-
ifold M , there is a tubular neighbourhood of L0 whih is sympletomorphi
to a tubular neighbourhood of the 0-setion in the otangent bundle T ∗L0.
Through this sympletomorphism the Lagrangian submanifolds lose to L0
orrespond therefore to Lagrangian setions of T ∗L0, i.e., losed 1-forms on
L0. This allows to give a (innite dimensional) manifold struture to the
spae L (M) of all Lagrangian submanifolds of M , as a submanifold of the
spae S (M) of all submanifolds.
The aim of this paper is to present a generalisation of the standard WTN,
where M is replaed by a sympleti bundle1 p : X → B and L by a subbun-
dle pL : L→ B, with L ⊂ X, whose bres are Lagrangian in the bres of p.
This allows us to prove that the spae Subb
Lag
(X) of Lagrangian subbun-
dles of X is a Fréhet submanifold of the spae Subb (X) of all subbundles.
Our main motivation is atually the study of the spae Fib
Lag
(M,B) of
Lagrangian brations pi : M → B of a given sympleti manifoldM . This ts
in the previous setting if one onsiders the sympleti bundleX = M×B over
B. Indeed, the graph of the setion (I, pi) ∈ Γ (M,X) is a Lagrangian sub-
bundle
2
of X. This provides a way to show that Fib
Lag
(M,B) is a Fréhet
manifold. This is even a prinipal bundle with struture group Di (B), but
this will be explained in subsequent papers [4, 5℄.
Our interest in the spae of Lagrangian brations omes from ompletely
integrable systems. Indeed, a ertain lass of ompletely integrable Hamil-
tonian systems on a given sympleti manifoldM is well-parametrised by the
quotient of C∞ (B)×Fib
Lag
(M,B) by Di (B), whih is a Fréhet manifold,
as shown in [4℄.
Date: 30 April 2009.
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A sympleti bundle is a loally trivial bration p : X → B where the bres of p are
equipped with a sympleti form, whih depends smoothly on the point on the base B.
See Setion 3.1.
2
Here X is viewed alternatively as a bundle over M or over B.
1
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The plan of the present paper is the following. First, we introdue the
notion of bred dierential forms. Roughly speaking, given a bration p :
X → B, a p-bred form is a smooth dierential form on M but whih an
be ontrated only with vetors tangent to the bres of p. It turns out
that the spae of p-bred 1-forms Ω1p (X) is preisely the suitable model
spae whih desribes the neighbourhood in Subb (X) of a given Lagrangian
subbundle L ∈ Subb
Lag
(X), in analogy with the spae Ω1 (T ∗N) whih
is the model spae for a neighbourhood in S (M) of a given Lagrangian
submanifold L ∈ L (X). In Setion 2, we review the main properties of these
bred forms. In partiular, we explain the notion of bred dierential dp and
show that the spae of bred losed 1-forms Z1p (X) is a diret summand
3
of
Ω1p (X).
Setion 3 is devoted to the WTN for Lagrangian subbundles whih is
proved in Theorem 14. The idea of the onstrution is the following. A
Lagrangian subbundle L ⊂ X of a sympleti bundle p : X → B an be
viewed as a smooth family (Lb)b∈B of Lagrangian submanifolds of the sym-
pleti manifolds Xb. The idea is to onstrut a family of (usual) Weinstein
tubular neighbourhoods Ub → T
∗Lb of Lb. To insure the smoothness with
respet to b ∈ B of suh a family of WTN, one needs a way to x a partiular
WTN for eah b, sine they are not unique. This is done by observing that
for eah b, the Weinstein tubular neighbourhoods Ub → T
∗Lb are in 1 : 1
orrespondene with Lagrangian foliations transverse to Lb, whih are them-
selves in 1 : 1 orrespondene with Liouville forms vanishing on Lb. The
orresponding results for sympleti bundles are explained in Lemma 13 and
Lemma 11. Then, the bred WTN Theorem is used to prove in Theorem
15 that Subb
Lag
(X) is a Fréhet submanifold of Subb (X). Finally, Setion
4 is devoted to the preise desription of the relation between Lagrangian
subbundles of sympleti bundles on the one hand and Lagrangian brations
of sympleti manifolds on the other hand. The last result of this artile is
Theorem 20 whih proves that Fib
Lag
(M,B) is a Fréhet submanifold of
Fib (M,B).
2. fibred differential forms
2.1. Denitions. We give here the formal denitions whih allows us to
speak about smooth families of objets living on dierent manifolds. The
key idea is of ourse to view the parameter spae of the families as the
base spae of a bration. Throughout this setion we x smooth onneted
manifolds X and B, the latter being alled the base, and a bration (i.e., a
loally trivial bre bundle struture) p : X → B.
3
This means that Z
1
p (X) is losed and Ω
1
p (X) is (topologially) isomorphi to Z
1
p (X)⊕
F , where F ⊂ Ω1p (X) is a losed subspae.
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The olletion of Vp (x) = kerDp (x) for all x ∈ X denes a vetor sub-
bundle of TX over X, whih we all the p-vertial tangent bundle and
denote by Vp.
Denition 1. The setions of Vp are alled vertial vetor elds and the
spae of these setions is denoted by Xp (X).
Then, for any integer k, we dene the bundle
∧k V ∗p of totally antisymmet-
ri k-linear forms on Vp, whih is also a vetor bundle over X. In partiular
V ∗p is alled the p-vertial otangent bundle.
Denition 2. The spae of smooth setions Ωkp (X) = Γ
(
X,
∧k V ∗p ) is
alled the spae of p-bred k-forms.
Notie that given suh a bred k-form α ∈ Ωkp (X), its restrition αb to
any of the bres p−1 (b), b ∈ B, is a k-form in the usual sense on this bre.
In any loal trivialisation of p, suh an α appears as a smooth family of
dierential forms on the typial bre (see below). bred dierential forms are
therefore the right notion that makes preise the intuitive idea of a smooth
family of dierential forms not living on the same manifold.
In the sequel it will be onvenient to denote by Xb the bre p
−1 (b) and
αb ∈ Ω
k (Xb) the restrition to Xb of a bred k-form α.
2.2. Equivalene with families of dierential forms. As mentioned
above, to any bred form α ∈ Ωkp (X) we assoiate the family of restri-
tions (αb)b∈B, with αb ∈ Ω
k (Xb). It is natural to interpret it as a setion of
the vetor bundle
W kp (X) =
⋃
b∈B
Ωk (Xb) .
This spae is indeed a Fréhet vetor bundle over the nite dimensional
manifold B. This is shown by nding loal trivialisations. For this, we use
a loal trivialisation of the bundle X, i.e., dieomorphisms φ : O × Xb0 →
p−1 (O), with O ⊂ B an open set and b0 ∈ O, whih sends the bre {b}×Xb0
to the bre p−1 (b). This gives a family φb = φ (b, .) of dieomorphisms
from Xb0 to Xb, whih provides through φ
∗
b : Ω
k (Xb) → Ω
k (Xb0) a loal
trivialisation of the vetor bundle W kp (X). Moreover, the family (αb)b∈B is
a smooth setion of this bundle. This is the way one an interpret any bred
form α ∈ Ωkp (X) as a smooth family of forms on the bres Xb.
2.3. Fibred de Rham dierential. For any bred form α ∈ Ωkp (X) we
an dene its exterior derivative dpα whih is an element of Ω
k+1
p (X) dened
by the familiar-looking formula
(dpα) (v0, ..., vk) =
k∑
i=0
(−1)i vi [α (v0, ..., vˆi, ..., vk)]
+
∑
0≤i<j≤k
(−1)i+j α ([vi, vj ] v0, ..., vˆi, ..., vˆj , ..., vk)
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for any vertial vetor elds v0, ..., vk ∈ Xp (X). This is almost the denition
for usual k-forms, exept that we restrit p-vertial tangent vetors, i.e.,
setions of Vp. This denition makes sense beause the Lie braket [vi, vj ] of
two suh vetor elds is itself a setion of Vp.
The operators dp give rise to a omplex
C∞ (X) = Ω0p (X)
dp
−→ Ω1p (X) ...
dp
−→ Ωnp (X) −→ 0
and allow to dene the spaes of brewise losed forms Zkp (X) = ker
(
dp|Ωkp(X)
)
and brewise exat forms Bkp (X) = dp
(
Ωk−1p (X)
)
.
It follows from the denition of dp that, given a bred form α ∈ Ω
k
p (X), the
restrition of dpα to any bre Xb is nothing but the usual exterior derivative
of the restrition αb, and therefore dpα an be viewed as the family (dαb)b∈B .
In partiular, a bred form α ∈ Ωkp (X) is losed if and only if the restritions
αb ∈ Ω
k (Xb) are losed for all b ∈ B. This justies the name of the spae
Zkp (X).
On the other hand, a exat bred form α = dpβ gives rise to a smooth
family of exat forms αb = dβb. But the onverse is less obvious. Namely,
if α ∈ Ωkp (X) is suh that all restritions αb ∈ Ω
k (Xb) are exat, it is not
lear that there exists a smooth family of primitives βb ∈ Ω
k−1 (Xb). This is
atually true, but one needs for this an adapted version of Hodge theory for
brations, as explained in the next setion.
2.4. Fibred Hodge deomposition
4
. On a given ompat manifold M ,
the usual Hodge theory provides a way to onstrut a smooth family of
primitives βt ∈ Ω
k−1 (M) for a given smooth family of forms αt ∈ Ω
k (M)
whih are known a priori to be exat for eah t. It shows at the same time that
the subspae Z1 (M) of losed k-forms is (topologially) omplemented5 in
Ωk (M), i.e., there exists another subspae F ⊂ Ωk (M) suh that Ωk (M) ∼=
Z1 (M)⊕ F . In the ontext of bred forms, we have similar results.
For that purpose, it will be onvenient to introdue the following spaes.
First of all, the spae W kp (X) dened in Setion 2.2 is, as explained above, a
smooth Fréhet bundle over B, whose bres are Ωk (Xb), b ∈ B, and we have
the natural identiation Ωkp (X) = Γ
(
B,W kp
)
. Colleting the dierentials
Ωk (Xb) for all b, one onstruts a smooth map, denoted by the same symbol,
d : W kp (X) → W
k+1
p (X), whih lifts the identity on B. On the other
hand, we see easily from the loal trivialisations W kp (X)
∣∣
O
→ O×Ωk (Xb0),
where O ⊂ B and b0 ∈ O, explained in Setion 2.2, that this map simply
orresponds in the trivialisation to the usual dierential on Ωk (Xb0). This
4
The results of this setion may be old folklore, but we ould not nd a preise referene
and deided to reprodue them here.
5
We remind the reader that beyond Hilbert spaes, a losed linear subspae is not
automatially omplemented.
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implies that the following vetor bundles
Zkp (X) =
⋃
b∈B
Zk (Xb) and B
k
p (X) =
⋃
b∈B
Bk (Xb)
over B, whose bres over b are respetively the spaes of losed forms and
of exat forms on Xb, are atually smooth vetor subbundles of W
k
p .
Moreover, the dierential dp ating on setions of W
k
p (X) is just the left
omposition by d : W kp (X) → W
k+1
p (X). This shows in partiular the
identiation
Zkp (X) = Γ
(
B,Zkp (X)
)
.
To proeed further, we need a kind of Hodge theory adapted to our ontext
of brations.
Lemma 3. Assume B is ompat. For eah k, there exists a smooth vetor
bundle morphism δ : W k+1p (X)→W
k
p (X), suh that
d ◦ δ ◦ d = d.
In other words, δ inverts d :W kp (X)→ B
k+1
p (X) from the right.
Proof. First of all, we over the base spae B by open subsets Bi ⊂ B, i ∈ I,
suh that W kp (X) is trivial over eah Bi, with trivialisations of the form
Φi : W
k
p (X)
∣∣
Bi
→ Bi × Ω
k (Xbi), where bi ∈ O, as explained in Setion 2.2.
We an assume that the over is nite, sine B is ompat. For onveniene,
we also denote by Φ˜i the seond omponent of Φi.
Now, for eah i ∈ I we know from the standard Hodge theory, that there
exists a map
6 δi : Ω
k+1 (Xbi) → Ω
k (Xbi) whih satises dδid = d. Then,
let ρi be a partition of unity subordinate to the Bi's, and let us dene δ as
follows. For any α ∈W kp (X) above a point b ∈ B set
δ (α) =
∑
i∈I
ρi (b) Φ
−1
i
(
b, δi
(
Φ˜i (α)
))
.
This is a smooth map sine the ρi have ompat support in Bi, preisely
where the Φi's are dened. Moreover, sine the maps Φi preserve the dier-
ential, one has for any α ∈W kp (X) over b
d ◦ δ ◦ d (α) = d
(∑
i∈I
ρi (b) Φ
−1
i
(
b, δi
(
Φ˜i (dα)
)))
=
∑
i∈I
ρi (b)Φ
−1
i
(
b, dδid
(
Φ˜i (α)
))
.
Then, using dδid = d on eah Ω
k+1 (Xbi) and the partition of unity, one gets
easily d ◦ δ ◦ d = d on W kp (X). 
6
For example take δi = Gd
∗
where G is the green operator of the Laplaian and d∗ is
the formal L2-adjoint of d.
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This result transposes easily to the spae of setions of W kp (X). Indeed,
if we denote by δp : Ω
k+1
p (X)→ Ω
k
p (X) the left omposition by δ, we obtain
immediately
dpδpdp = dp.
It follows from this fat that, given a bred form α ∈ Ωkp (X) suh the
restrition αb is exat for all b, then δpα ∈ Ω
k+1
p (X) is a smooth family of
primitives.
On the other hand, the map P = δpdp is a ontinuous linear map from
Ωkp (X) to itself. It is obviously a projetion P
2 = P and moreover its kernel
is exatly Zkp (X). Indeed, if Pα = 0 this implies that dpα vanishes sine δp
is injetive when restrited on Bkp (X). This shows kerP ⊂ Z
k
p (X) and the
other inlusion is trivial. Therefore, the map 1−P is a ontinuous projetion
of Ωkp (X) onto Z
k
p (X). This is equivalent to the following.
Theorem 4. Assume B is ompat. The set of brewise losed forms Zkp (X)
is a losed and omplemented subspae of Ωkp (X).
2.5. bred dieomorphisms.
Denition 5. Let p : X → B and q : Y → B two brations over the
same base manifold. A smooth map ϕ : X → Y is alled vertial whenever
q ◦ ϕ = p, i.e., when ϕ is a bundle morphism.
Suh a ϕ indues a smooth family of smooth maps ϕb : Xb → Yb. It
is then easy to hek that it makes sense to dene the pullbak operator
ϕ∗ : Ωkq (Y )→ Ω
k
p (X) through (ϕ
∗α)b = ϕ
∗
bαb. In partiular, when X = Y ,
we an assoiate to any one-parameter family of vertial dieomorphisms φt
a (time-dependent) vertial vetor eld Zt and one gets easily onvined that
for any bred form α ∈ Ωkp (X), one has
d
dt
(
φtZt
)∗
α =
(
φtZt
)∗
LZtα
where LZtα is the brewise Lie derivative, dened by (LZtα)b = LZtαb, with
Zt viewed as a vetor eld on the bre Xb. In partiular it satises the
bred Cartan formula : LZα = Zydpα + dp (Zyα) for any Z ∈ Xp (X) and
α ∈ Ωkp (X).
3. WTN in sympleti bundles
3.1. Sympleti bundles and Lagrangian subbundles.
Denition 6. A sympleti bundle is a (loally trivial) bration p : X →
B equipped with a bred 2-form ω ∈ Ω2p (X), suh that the restritions
ωb ∈ Ω
2 (Xb) are sympleti for all b ∈ B, i.e., losed and non-degenerate.
In partiular dpω = 0, i.e., ω ∈ Z
2
p (X). Notie that the restritions ωb
may not be dieomorphi to eah other.
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Denition 7. A subbundle L ⊂ X is alled Lagrangian when the restri-
tions Lb = Xb ∩ L are Lagrangian in Xb for all b ∈ B.
The following anonial example is preisely the loal model for neigh-
bourhoods of Lagrangian subbundles, as shown in Setion 3.4.
Example 8. Let p : M → B be a bration. The vetor bundle X =
V ∗p (M)
pi
→ M dual to the p-vertial tangent bundle of M is in fat a sym-
pleti bundle over B, with projetion p ◦ pi. Indeed, for any b ∈ B the bre
(p ◦ pi)−1 (b) is nothing but the otangent bundle T ∗Mb of Mb = p
−1 (b),
hene in partiular a sympleti manifold.
Denition 9. A bred Liouville form on X is a 1-form λ ∈ Ω1p (X) suh
that dpλ = ω. It orresponds to a family of primitives λb of the sympleti
forms ωb.
3.2. A bred Poinaré lemma. We will make use of the following teh-
nial lemma, whose proof an be found in [5℄.
Lemma 10. Let p : X → B be a bre bundle and L ⊂ X a subbundle. Then,
there exists a tubular neighbourhood U of L, whose assoiated projetion q :
U → L is p-vertial.
We now give a Poinaré Lemma for bred forms.
Lemma 11. Let L ⊂ X a Lagrangian subbundle of a sympleti bundle
p : X → B. There exist a tubular neighbourhood U of L and a bred Liouville
form λ ∈ Ω1p (U) vanishing on L.
Proof. First of all, one an nd a deformation retration of a neighbourhood
U ⊂ X of L onto L, i.e. a smooth map ρ : [0, 1] × U → U , satisfying
ρ0 = I, ρ1 (U) = L and ρt|L = I for all t, where ρt : U → U is dened by
ρt = ρ (t, .). Moreover, one an assume that the deformation preserves the
bres of p, i.e. p ◦ ρt = p for all t. Indeed, take a tubular neighbourhood
U whose projetion ρ si p-vertial, as in in Lemma 10, and use the dilation
with a fator depending on t, in the vetor bundle assoiated to this tubular
neighbourhood.
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We adapt now to the ategory of bred forms a standard argument in the
spirit of Poinaré Lemma, by writing for any α ∈ Ωkp (X)
ρ∗1α− ρ
∗
0α =
 1
0
(
d
dt
ρ∗tα
)
dt.
Then, we make use of the deomposition ρt = ρ ◦ Tt ◦ ι where ι : U → R×U
is the injetion ι (x) = (0, x) and Tt : R × U → R × U is the translation
Tt (s, x) = (s+ t, x). Viewing R × U as a bration over B in the obvious
way (t, x) 7→ p (x), we see that the three smooth maps ρ, Tt and ι are ver-
tial. Therefore, we have
d
dt
ρ∗tα = ι
∗T ∗t L∂tρ
∗α, where ∂t denotes the (time-
independent) vetor eld of the one-parameter group of dieomorphisms Tt.
Then, applying the bred Cartan formula, we nally obtain
ρ∗1α− ρ
∗
0α = Pdpα+ dpPα,
where the homotopy operator P : Ω•p (X)→ Ω
•−1
p (X) is dened by
Pβ =
 1
0
ι∗T ∗t ∂tyρ
∗β dt.
Moreover, by onstrution Pβ vanishes on L. Indeed, to ompute Pβ at
a point x ∈ L, we need to evaluate ∂tyρ
∗β at (t, x) for all t ∈ [0, 1], or
equivalently D(t,x)ρ (∂t)yβ (ρ (t, x)). But the fat that ρ (t, x) = x on L
implies that D(t,x)ρ (∂t) vanishes for eah t, therefore Pβ vanishes on L.
Finally, we apply this Poinaré Lemma to the bred sympleti form ω ∈
Ω2p (X). Sine L is Lagrangian, one has ρ
∗
1ω = 0 and the losedness of ω
provides
ω = −dpPω,
whih proves the lemma with λ = −Pω. 
3.3. Transverse polarisations. In the sequel a foliation P  denotes atu-
ally the (integrable) distribution of tangent planes Px ⊂ TxX to the leaves.
Denition 12. Let p : X → B be a sympleti bundle. A polarisation
P is a foliation of X whose leaves are all inluded in the bres of p and
Lagrangian.
In other words, it is a smooth family (parametrized by B) of Lagrangian
foliations. On the other hand, it is known that the existene of a Lagrangian
foliation transverse to a given Lagrangian submanifold is intimately related
to the existene of a Liouville form vanishing on the submanifold. Here is a
bred version of this fat.
Lemma 13. Let p : X → B be a sympleti bundle and L ⊂ X a Lagrangian
subbundle. If λ ∈ Ω1p (X) is a bred Liouville form on X vanishing on the
manifold L, then there exists near L a unique polarisation whih is transverse
to L and everywhere inluded in kerλ.
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Proof. Denote by ω ∈ Ω2p (X) the bred sympleti form. For any b ∈ B,
the Liouville form λb ∈ Ω
1 (Xb) orresponds through the isomorphism ωb :
TXb → T
∗Xb to a vetor eld Yb ∈ X (Xb) vanishing on Lb. We adapt an
argument from [2, p. 230℄. At eah point x ∈ Lb, the Jaobian Jb,x = [Yb, .]x
atually denes a linear map Jb,x : TxXb → TxXb. Following [2, p. 230℄,
one an show that TxXb deomposes into two eigenspaes, namely TxLb
with eigenvalue 0 and a transverse Lagrangian plane Px with eigenvalue 1.
Now, we an obviously view the family Yb simply as a vetor eld Y on
X, vanishing on L and everywhere tangent to the bres of p. It is then
easy to see that at any point x ∈ L, the Jaobian Jx = [Y, .]x provides
an eigenspae deomposition of TxX into TxL with eigenvalue 0 and Px
eigenvalue 1. Lastly, we an use a result of [7℄ on normal forms of singular
vetor elds, whih implies in partiular that there exists a unique transverse
foliation to L, in a neighbourhood of L, whih is invariant by Y .
It remains now to show that the foliation is tangent to the bres of p and
Lagrangian in eah bre. First of all, if the foliation was not tangent to the
bres of p, then, beause it is Y -invariant, it would ontradit the fat that
it is transverse to L. Indeed, if Z is a vetor in the foliation but not tangent
to the bres of p, then the vetor Dφ−tY (Z) would tend, for t → ∞, to a
vetor tangent to L but also to P . This is beause, as t→∞ the ows φ−tY
ontrats a neighbourhood of L onto L. On the other hand, L and the leaves
of P have omplementary dimension in X, sine Lb and the leaves of P have
omplementary dimension in Xb. This ontradition implies therefore that
the leaves of P are ontained in the bres of p.
Seond, this foliation must be Lagrangian in eah Xb. Indeed, for any two
vetors Z1, Z2 ∈ TxXb at some point x ∈ Xb, one has
ωb
((
φ−tYb
)
∗
Z1,
(
φ−tYb
)
∗
Z2
)
= O
(
e−2t
)
on the one hand and(
φ−tYb
)∗
ωb (Z1, Z2) = e
−tωb (Z1, Z2)
on the other hand, sine Yb is a Liouville vetor eld, and thus sympleti
onformal. This implies that ωb (Z1, Z2) = 0.
To onlude, notie that the Liouville vetor eld Xb is tangent to the
polarisation if and only if the latter is inluded in kerλb. 
3.4. WTN for Lagrangian subbundles.
Theorem 14. Let p : X → B be a sympleti bundle. Let L ⊂ X be a
Lagrangian subbundle and pL : L → B the projetion. Let V
∗
pL
(L)
pi
→ L
be the pL-vertial otangent bundle of L. Then, there exist a neighbourhood
U ⊂ X of L, a neighbourhood V ⊂ V ∗pL (L) of the 0-setion of pi and a
dieomorphism ϕ : V → U with the following properties :
• The image of the 0-setion is L.
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• The following diagram ommutes
ϕ : V → U
↓ pL ◦ pi ↓ p
B
I
→ B
• For eah b ∈ B, the restrition
ϕb : (pL ◦ pi)
−1 (b) ∩ V → p−1 (b) ∩ U
is sympleti.
Therefore, sine (pL ◦ pi)
−1 (b) = T ∗Lb, the restritions ϕb form indeed a
smooth family of WTN around the Lagrangian submanifolds Lb = p
−1
L (b).
Proof. To onstrut this family of WTN around the bres Lb, we will adapt
a onstrution from [9, se. 4.4℄. First of all, Lemma 11 tells us that there
exists a Liouville form λb ∈ Ω
1
p (U) in a neighbourhood U of L and vanishing
on L. Thanks to Lemma 13, this implies the existene in U of a transverse
polarisation P . Now, for any b ∈ B, the restrition to Xb ∩ U of P is a
polarisation. We know from [8℄ that any leaf is naturally endowed with
an ane struture. This allows to do parallel transport and thus dene
exponential maps. At any point x ∈ Lb, we have two transversal Lagrangian
planes in TxXb, namely the tangent spaes to Lb and to P respetively. Using
the natural isomorphism between T ∗xLb and Px, we onstrut ϕ as follows.
For any α ∈ V ∗pL (x), whih is anonially an element of T
∗
xLb, we assoiate
its orresponding tangent vetor Y ∈ Px. Then, we take the exponential
map expx Y and obtain a point in Xb, on the same leaf of P as x. Of ourse,
Y has to be suiently small, so that the exponential map still makes sense.
This means that our onstrution is well-dened provided α is taken in a
suiently small neighbourhood V of the 0-setion. Up to taking smaller V
and U , one an insure that ϕ is a dieomorphism from V to U . Moreover, by
onstrution ϕ sends (pL ◦ pi)
−1 (b)∩V to p−1 (b)∩U . Then, following [9, se.
4.4℄, one an show that for eah b ∈ B, the restrition ϕb is sympleti. 
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3.5. The Fréhet manifold of Lagrangian subbundles. Given a bra-
tion p : X → B we will denote by Subb (X) the spae of all ompat sub-
bundles L of X. Beause of Ehresmann Theorem [1℄ this is exatly the spae
of ompat submanifolds L ⊂ X suh that the restrition of the projetion
p|L : L → B is a submersion. The notation Subb (X) is slightly impreise,
sine X denotes here the whole bration struture, i.e., the manifolds X and
B, and the projetion p.
The spae Subb (X) is a subset of the spae S (X) of all ompat subman-
ifolds of X, whih is known to be a Fréhet manifold, see [3, p. 92℄ or [6℄.
We prove now that it is atually an open set and therefore itself a Fréhet
manifold. Indeed, the manifold struture on S (X) near some L0 ⊂ X is
given through an identiation of the C1-lose submanifolds L ⊂ X with
setions of a tubular neighbourhood N of L0 in X. For any L C
1
-lose to
L0, denote by α ∈ Γ (L0, N) the orresponding setion. Now, p|L : L → B
is a submersion if and only if p◦α : L0 → B is so, beause α denes a dieo-
morphism from L0 to L. On the other hand, the ondition of p ◦ α being a
submersion is equivalent to the 1-jet j1 (p ◦ α) having an image inluded in
an open set in J1 (L0, B) (the open set omposed of linear maps TL0 → TB
with maximal rank). Finally, the map α 7→ j1 (p ◦ α) is learly ontinuous,
and it follows that Subb (X) is an open subset of S (X).
Now, suppose X is a sympleti bundle. Thanks to the WTN of Theorem
14, we an investigate the dierentiable struture of the spae SubbLag (X)
of Lagrangian subbundles.
Theorem 15. SubbLag (X) is a Fréhet submanifold of Subb (X).
Proof. Near any Lagrangian subbundle L0 ⊂ X, we will onstrut a lo-
al hart ϕˆ of Subb (X) as follows. Consider the loal dieomorphism
ϕ : V ∗pL0
(L0) ⊃ V → U ⊂ X of Theorem 14 whih sends the graph of the
0-setion to L0. Then, the map ϕˆ whih sends a setion α ∈ Γ
(
L0, V
∗
pL0
)
(with image in V ) to the submanifold ϕ (α (L0)) ⊂ U is indeed a hart om-
patible with the manifold struture of Subb (X), sine the dieomorphism
ϕ gives U the struture of (an open set in) vetor bundle over L0, and any
C1-lose submanifold L orresponds through ϕˆ−1 to a setion of this vetor
bundle.
Now, a subbundle L is Lagrangian if and only if eah Lb ⊂ Xb is La-
grangian. Let α = ϕˆ−1 (L) be the orresponding setion of V ∗pL0
. As men-
tioned earlier, for eah b the restrition αb to (L0)b = p|
−1
L0
(b) is simply a
1-form on (L0)b. On the other hand, the graph of αb is preisely the image
of Lb through the restrition ϕb. But sine eah ϕb is sympleti, Lb is La-
grangian in Xb if and only if the gr (αb) is Lagrangian in T
∗ (L0)b, i.e., αb
is losed. This shows that L is Lagrangian if and only the orresponding
bred form α ∈ Ω1pL0
(L0) is losed, i.e., dpL0α = 0. Finally, we know from
Theorem 4 that the spae of brewise losed 1-forms Z1p is omplemented
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in Ω1pL0
(L0). In partiular it is a Fréhet submanifold of Ω
1
pL0
(L0). This
onludes the proof, sine ϕˆ is a loal dieomorphism. 
4. Spae of Lagrangian fibrations
4.1. Lagrangian brations and Lagrangian subbundles. A submer-
sion pi : M → B between two ompat manifolds M and B is automatially
a loally trivial bration beause of Ehresmann Theorem [1℄. Denote by
Fib (M,B) the set of brations fromM to B. It is an open set of C∞ (M,B)
and therefore a Fréhet submanifold.
Denition 16. SupposeM is a sympleti manifold. A Lagrangian bra-
tion is a bration pi :M → B whose bres pi−1 (b), b ∈ B, are all Lagrangian
submanifolds of M . Denote by Fib
Lag
(M,B) the spae of Lagrangian -
brations.
The aim of this setion is to prove Corollary 20 whih states that Fib
Lag
(M,B)
is a Fréhet submanifold of Fib (M,B). For this, we an use the results of
the previous setions, beause of the following parametrisation. For any
smooth map pi ∈ C∞ (M,B) we assoiate the map pˆi = (I, pi) whih is a
smooth setion of M × B viewed as a (trivial) bundle over M . Notie that
the orrespondene pi ↔ pˆi is a Fréhet dieomorphism between C∞ (M,B)
and Γ (M,M ×B).
Now, M × B is a (trivial) sympleti bundle with respet to the seond
projetion p : M × B → B. On the other hand, given any pi ∈ C∞ (M,B),
onsider the graph Lpi ⊂M ×B of the orresponding pˆi ∈ Γ (M,M ×B).
It is easy to see that pi is a submersion if and only if Lpi is a subbundle of
p : M × B → B. Indeed, Lpi is a subbundle when the restrition of the
projetion p|Lpi : Lpi → B is a submersion. But on the other hand, one has
the relation pi = p ◦ pˆi. Therefore, p|Lpi : Lpi → B is a submersion if and
only if pi is so, sine pˆi is an embedding from M into M ×B, whose image is
preisely Lpi.
Finally, whenever p|Lpi : Lpi → B is a submersion, its bre over b ∈ B
is {(m, b) | b = pi (m)}, i.e., pi−1 (b) × {b}. Therefore, the bres of p|Lpi are
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Lagrangian in the bres of p if and only if the bres of pi are Lagrangian.
We have thus proved the following :
Lemma 17. The submanifold Lpi ⊂ M × B is a (Lagrangian) subbundle of
p :M ×B → B if and only pi is a (Lagrangian) bration.
To omplete the argument, it remains to show that the parametrisation
pi 7→ Lpi is a Fréhet dieomorphism. But this relies on the following general
lemma.
Lemma 18. Let N a manifold equipped with two bre bundle strutures
p1 : N → L and p2 : N → L over the same ompat manifold L. Suppose
in addition that there exists a map ιL : L → N whih is a setion of both
brations, i.e. p1 ◦ ιL = p2 ◦ ιL = IL. Then, the Fréhet manifolds of
setions Γ (p1) and Γ (p2) are loally dieomorphi around ιL. An expliit
dieomorphism is
Ψ : Γ (p1) ⊃ V1 → V2 ⊂ Γ (p2)
α 7→ α ◦ (p2 ◦ α)
−1
and its inverse is Ψ−1 : β 7→ β ◦ (p1 ◦ β)
−1
.
Proof. First of all, the map A : α 7→ p2◦α is smooth from Γ (p1) to C
∞ (L,L).
In partiular it is ontinuous and therefore the set V1 = A
−1 (Di (L)) is
open. It is also non-empty sine A (ιL) = IL. On this neighbourhood of
ιL, the map Ψ is therefore well-dened. It is also smooth, sine taking the
inverse of a dieomorphism is a Fréhet smooth map [3, p. 92℄. Moreover, for
any α ∈ V1 the image Ψ(α) is indeed in Γ (p2) sine p2 ◦α ◦ (p2 ◦ α)
−1 = IL.
Now, we hek that the above given formula for the inverse Ψ−1 is orret.
Indeed,
Ψ−1 (Ψ (α)) = α ◦ (p2 ◦ α)
−1 ◦
(
p1 ◦ α ◦ (p2 ◦ α)
−1
)−1
= α ◦ (p2 ◦ α)
−1 ◦ p2 ◦ α
whih is α. One veries in a similar way that Ψ
(
Ψ−1 (β)
)
and prove that,
up to taking a smaller V1, the map Ψ indeed denes a loal dieomorphism
around ιL. 
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Notie that by onstrution, the setions α and Ψ(α) have the same
graphs. We an now use this result to study the parametrisation pi 7→ Lpi.
Lemma 19. The map
Fib (M,B) → Subb (M ×B)
pi 7→ Lpi
is a Fréhet dieomorphism onto an open subset of Subb (M ×B).
Proof. For any pi0 ∈ Fib (M,B), onsider the graph Lpi0 of pˆi0 as explained
at the beginning of this setion. There exists a tubular neighbourhood N ⊂
M×B of Lpi0 whose projetion q : N → Lpi0 is horizontal, i.e. tangent to the
bres M ×{b}, b ∈ B. through the natural identiation pˆi0 :M
∼=
→ Lpi0 , one
an view N as a bration over M . Denote by p2 : N →M the orresponding
projetion. On the other hand, we have of ourse the vertial projetion
p1 : N → M oming from the projetion on the rst fator in M × B.
Finally, both projetions have a ommon setion, preisely ιLpi0 = pˆi0, and
one an thus apply Lemma 18 whih tells us that the Fréhet manifolds of
setions Γ (p1) and Γ (p2) are loally dieomorphi. But Γ (p1) is just the
open subset of Fib (M,B), omposed of those brations pi : M → B whose
orresponding setions pˆi have their image lying in N . On the other hand,
Γ (p2) is a suitable Fréhet hart for Subb (M ×B) around Lpi0 , as explained
in Setion 3.5. But one an see easily that the map pi 7→ Lpi orresponds in
this hart preisely to the Fréhet dieomorphism Ψ from Lemma 18, beause
Lpi is the graph of pˆi. Therefore, we have proved that the map pi 7→ Lpi is a
Fréhet loal dieomorphism. But it is also learly injetive, therefore it is
a dieomorphism onto its image. 
This lemma together with Theorem 15 and Lemma 17 nally imply di-
retly the following theorem.
Theorem 20. Fib
Lag
(M,B) is a Fréhet submanifold of Fib (M,B).
As mentioned in the introdution, Fib
Lag
(M,B) is atually a Fréhet
prinipal bundle with struture group Di (B) ating by left omposition of
submersions pi : M → B. This result and its appliation to Hamiltonian
ompletely integrable systems will be presented in subsequent papers [4, 5℄.
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